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Outcomes Assessed Questions Marks
Determines the important features of graphs of a wide variety of 3,5

functions, including conic sections

Applies appropriate algebraic techniques to complex numbers and 2,4

polynomials

Applies further techniques of integration, such as slicing and 1,6

cylindrical shells, integration by parts and recurrence formulae, to

problems

Synthesises mathematical solutions to harder problems and 7,8

communicates them in an appropriate form
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Marks /115 /15 /115 /115 /115 /115 /15 /15 /1120

Directions to candidates:
e Attempt all questions
e The marks allocated for each question are indicated

o All necessary working should be shown in every question. Marks may be deducted for careless or badly
arranged work.

e Board - approved calculators may be used
e Fach new question is to be started on a new page






Total marks — 120
Attempt Questions 1 -8
All questions are of equal value

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

Question 1. (15 marks) Use a SEPARATE writing booklet.

(@)

(b)

(©)

(d)

Find Icos5 xsin x dx.

2X

VX2 -4

Find I dx using the substitution u = x*—4.

2

(x2 +1)(x2 +4)

M Express

(i) Hence show that | G +21)_(>)‘:2+4)dx=tanl(l—3lj.

dx
2-sinXx

O —o| A

Use the substitution t = tang to evaluate

as a sum of partial fractions.

Marks



Question 2. (15 marks) Use a SEPARATE writing booklet.

(@)

(b)

(©

(d)

Let z=1+i and w=1-2i.Findinthe form x-+iy,

i) oW
(i) 3z +iw
iy =

Z
Let g =-1+i

Q) Express £ in modulus-argument form.

(i) Express A* in modulus-argument form.

(iii)  Hence evaluate %

Q) Sketch, on the same Argand diagram, the locus specified by,
1. |z-9|=|z+1

2. |z-2+i|=2

(i) Hence write down all the values of z which satisfy simultaneously

|z-9=|z+1] and |z-2+i|=2

Prove |z,~z,|" +|z,+2,[ =2z, +2|z,[ and interpret this result geometrically.

Marks



Question 3. (15 marks) Use a SEPARATE writing booklet. Marks

(a) The diagram bellows shows the graph of y = f (x)

Draw separate one-third page sketches of the graphs of the following:

() y=f(x-1)-1 2
(i) y=|f(x) 2
(iii)y y=e'™ 2
(iv)  y=log,(f(x)) 2

(Question 3 continues over)



2 2
(b) P(acosd,bsin®), where 0< 0<g, is a point on the ellipse %4-?)/—2:1 wherea>b >0,

v

! A
/
The normal at P cuts the x axis at A and the y axis at B.
() Show that the normal at P has the equation
axsin @ —bycos@ = (a* - b? )sincos @

(a2 —bz)zsin 0cos 6

(i) Show that triangle OAB has areas 2ah
a

(iii)  Find the maximum area of the triangle OAB and the coordinates of P
when this maximum occurs.



Question 4. (15 marks) Use a SEPARATE writing booklet. Marks

(@  Giventhat a, B and y are the roots to the equation x* —x* +5x-3=0,
find the equation whose roots are o3, oy and Py 3

(b) Let a be the complex root of the polynomial z” =1 with the smallest possible argument.

Let 0=a+a’+a’ and p=a*+a’+a
(i) Explainwhy o'=1and 1+a+a’+a’+a’+a’+a®=0 2
(i) Show®+g=—1 and 04 =2 3

Hence write a quadratic equation whose roots are 6 and ¢

(iii) Showthat 0 = LT g = —L_WT 2
2 2 2 2
(iv)  Write a in modulus argument form and show 2
A 2r T 1 . Ar 2 .7 7
COS—+C0S——C0S— =—— and  sin—+sin—-sin—=—
7 7 7 2 7 7 7 2
(c)  The polynomial P(z) is defined by P(z)=1z"-22°-2*+2z+10. 3

Giventhat z—2+i isa factor of P(z), express P(z) as a product of real quadratic factors.



Question 5. (15 marks) Use a SEPARATE writing booklet.

(@)

(b)

Consider the curve given by 5y —xy = x* —x—2
() Show that the curve has stationary points at 5+ 3v2

(i) Explain why the curve approaches that of y=—x—4 asx -+

2 2

For the hyperbola XT—y?:l, find

Q) The eccentricity.

(i) The coordinates of the foci.

(iii)  The equations of the directrices.
(iv)  The equations of the asymptotes.

(v) Sketch the hyperbola indicating the foci, the directrices and the asymptotes.

(vi)  Show that the point P(25ec 6,~/5 tan 49) lies on the hyperbola and prove that the
tangent to the hyperbola at P has the equation

xsecd ytané _

2 NG

(vii)  If the tangent at P cuts the asymptotes at L and M, prove that LP = PM and
the area of triangle OLM is independent of the position of P.

1

Marks



Question 6. (15 marks) Use a SEPARATE writing booklet.

@ The plan of a steeple is bounded by the curve y = 1 and the linesy =4and y=1.

X

Each horizontal cross-section is a square.

Find the volume of the steeple.

(b)  Thecircle x>+ y? =9 is rotated about the line x = 6 to form a ring.

LN s
[ \ ;
3 x ; 6

() When the circle is rotated, the line segment S at height y sweeps out an annulus.

Find the area of the Annulus.

(i) Hence find the volume of the ring

Marks



The region under the curve y = e and above the x-axis is rotated about the y axis for
—a < x<a to form a solid as shown below.

(©)

y

(i) Divide the resulting solid into cylindrical shells S of radius t as shown in the
diagram and show each shell S has an approximate volume given by

SV = 2xte ' St, where Stis the thickness of the shell.

(i) Hence calculate the volume of the solid.

(ii)  What is the limiting value of the volume of the solid as a — « ?

-10 -



(@)

(b)

(©)

Question 7. (15 marks) Use a SEPARATE writing booklet.

1
Let 1,=[(1-x")"dx.
0
() Show by using integration by parts In:%lnl forn=0,1,2,3,... 3
+

1
(i)  Hence evaluate _[(1 - x%)%dx 3
0

A special dish is designed by rotating the region bounded by the curve y=2cosx (0 <x <2mx)
and the line y = 2 through 360° about the y axis.

Use the method of cylindrical shells to show that the volume of the dish is given by 3

2
4 I x(1—-cosx)dx .

0

Hence find the volume. 3

The polynomial P(x) is given by P(x)=2x>-9x*+12x -k, where k is real. 3

Find the range of values for k for which P(x) =0 has 3 real roots.

-11 -



Question 8. (15 marks) Use a SEPARATE writing booklet.

(@)

(b)

(©)

Use integration by parts to find J‘sin‘1 X dx .

(i) Use De Moivre’s Theorem to show that cos46 =8cos* @ —8cos” 8 +1

(iv)  Show that the equation 16x* —16x*+1=0 has roots

X, =C0S—=, X, = —COS——, X, =coss—”, X, — —cos
12 12 12 12

2+\/§
2

(iii)  Hence show that cos%:

P(x) is a polynomial of degree n with rational coefficients.

If the leading coefficient isa, and ,,a,,a;,...,«, are the roots of P(x)=0 prove that:

P'(x)= )I(D_();)l )I(D_();)z + XP—();)3 +... XP_();)

-12 -

Marks
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Question 1. (15 marks) Use a SEPARATE writing booklet.

(@  Find J.cos5 xsinx dx.

Marks

Solution

Correct Solution
Omitting constant or negative sign

Correct Solution
1
Showing | —= du= 2Ju + C
J Ju

Finding dx = %
2X

2
1
= —lcosﬁx +C
6
, 2X . _ )
(b) Fmdj dx using the substitutionu= x°—4.
VX -4
Solution
3
u=x>-4 J' 2X_ 4« = J'ﬁ%
x> -4 Ju 2x 2
%:ZX = J‘i du
dx Ju 1
dX:E = 2Ju + C
2X

= x> -4 + C

2

(© () Express

asasum of partial fractions.

Correct Solution
Finding the expansion or arithmetic error

(x*+1)(x? +4)
Solution
2- X 3 ax+b+cx+d 2
(x2+1)(x2+4) - X*+1 x*+4 1
2- % = (x* +4)(ax+b)+(x* +1)(cx+d)
2-x? = ax® + bx? + 4ax + 4b+ o + dx® + cx+ d

Equating co-efficients& solving simultaneously a=0b=21c=0d=-2

2-% 1 2
(X* +1)(x* +4) X+l X2+4




2-%°

(i) Hence show that J.Os(

Solution

dx =

3 2=
IO (X* +1)(x* +4)

Letx=tan'3 y= tan‘lg

tanx = 3, gztany

tan(x—y)

—+
3
—~~
0
<
~
1

X? +1)(X2 +4) B tanl(%j '

2 0
tan'3 - tan’1§
2
fanx—-tany
1+tanxtany
53
2
1+ 3.§
2
3
11
tan’li
11
13
tan It 4 Correct Solution
3 One arithmetic error with correct process
. . 3 2_ X2 -1 -1 3
2 Flndlng_[ > > dx=tan"3 - tan "—
0(x +1)(x +4) 2
3 |
1 Finding [tan™" x| — 2 dx
J :IO J; 4+ %




3
(d) Use the substitution t = tan~ to evaluate I d)_( :
2 by 2—SsinX
Solution
L 2dt
X 8 dx R G
t = tan> J' : = J'+—
. 2—sinX 0o &
1+12
. 2dt
Ezlgaczé - J-#
dx 2 2 o, 2+2° -2t
1+12
dt 1 £
— ==(1+t? =
dx 2( ) J(;tz—t+1
20t ‘ 1
dx=" = g o
+1 0 (tz—t+j+
4) 4
T 1
x=—=, t:tanézl = 21 _dt
- (o33
t—= | +| —
2 2
1
1
; 1))
x=0, t:tanézl = itm*1—2
2 3 V3
0
_ ﬁt(_j
J3\3
4 Correct Solution
3 One error with correct process
1
2 Findi
eng J;tz—t+1
2dt
1 Finding dx =
inding 10




Question 2. (15 marks) Use a SEPARATE writing booklet. Marks

@ Let z=1+i and w=1-2i . Findintheform x+iy,

(i) zZw
Solution
W = (1+i)(1+2i)
— -1+ 3 1 Correct Solution
(i) 3z+iw
Solution
3z+iw = 3+3 + i(1-2)
= 5+ 4 1 Correct Solution
iy =
z
Solution
W 1-2i 1-i
- = X
Z 1+1 1-i
= _—1 — E [ 1 Correct Solution
2 2
(b) Let f=-1+i
() Express £ in modulus-argument form.
Solution
-1) . 3T
=J(-1)7+(1)° =2 ar :tanl(—j, in second quad. = =—
A=+ gp=tn’(~ et = &
3r) .. (3« .
ﬂ=\/§ cos| — |+isin| — 2 Correct Solution
4 4 1 Finding either |ﬂ| or arg




(i) Express #* in modulus-argument form.

Solution
ﬂ4
(iii)
Solution
ﬁZO
@ O
Solution

4
3r) .. (3«
{\/E (COS(TJ s (T]ﬂ 1 Correct Solution

4(cos(3r)+isin(3r)) by De Moivre's theorem

Hence evaluate %

= ()
= (4(008(372’)+i sin(37r)))5
1 Correct Solution
5 0 If student did not interpret HENCE and
= (_4) reapplied De Moivre’s Theorem

-1024

Sketch, on the same Argand diagram, the locus specified by,

1. |z-9=|z+1|
2. |Z— 2+i| =2

1 4 Correct Solution

2 For one correct solution
|z-2+i|=2
<% 4 >
C(2,-1)
1z-9=|z+1
\ /




(i) Hence write down all the values of z which satisfy simultaneously
|z-9=|z+1] and |z-2+i|=2

Solution

Z=4-ji 1 Correct Solution

(d Prove |z-z[ +|z+2[ =2|z] +2|z|" andinterpret this result geometrically.
Solution

Using the property |vv|2 = WW

LHS

12—z +z+2|

(2-2)(a-2)+(2+2)(2+2)

= (z-2)(2-2)+(z+2)(2+2)

= 22-22,-2,2+22 + 22+22,+22+22
= 227+227

= 2z +2zf

= RHS

Geometric interpretation
Since z, -z, and z + z, arediagonals of a parallelogram formed by opposite vertices z and z, we can say

The sum of the diagonals squared is equal to 2 times the sum of adjacent sides squared.

3 Correct Solution

2 Showed identity without geometric interpretation.
: 2 _ -0 T .=

1 Demonstrating |W| =WW Oor 2tz =712




Question 3.

@

(15 marks) Use a SEPARATE writing booklet.

The diagram bellows showsthe graph of y = f (x)

Draw separate one-third page sketches of the graphs

(i)

y=f(x-1)-1

Marks

2 Correct Solution

1 For one correct translation only

2 Correct Solution

1 Answer sans horizontal asymptote




(iii)

(iv)

y=e't

y=log,(f(x))

Correct Solution
For partially correct shape

1

Correct Solution
For partially correct shape




2 2

(b) P(acosd,bsing), where 0< 0<%, isapoint on the élipse %4‘ y

le wherea>b > 0.

v

ik
\i A x

Thenormal at P cutsthe x axisat A and they axis at B.

() Show that the normal at P has the equation

axsing —bycosé = (a’ - b’ )sind cosd

Solution
x* Y _
?4‘? = 1
2x 2ydy _
=t = 0
a® b” dx
2ydy _2x
b>dx a’
dy 2 b
dx a® 2y’
dy _ b ox
dx a®y
b®> X,
so the gradient of thetangentat P (x1,y1) is —¥><7
1

-10-



axsing —bycosé = (&’ - b’ )sind cosd

(i)  Show that triangle OAB has areas

Solution

For point A,y=0

axsind—b(0)cosd

a

2
The gradient of the normal is —b—2><ﬁ xm=-1
a vy
2
= %X%
_ asnd
b cosé
So the equation of the normal is
. _ asnd
y—bsind = — (x—acosb)
b cosé
by — b?sind = a2"% (x—acos)
cos
.b_y — b2 = i _a2 2
sinéd cosé 1

Correct Solution
Finding gradient of the tangent

(a2 —bz)zsinecosé’

(az—bz)cose

2ab

(a2 —bz)sinacosﬁ

-11-




For point B, x=0

a(0)sin@—bycosd

(a2 —bz)sinecose

_ (a®-b%)sing
oo 7 b
a’—b*)cosd| |(a*-b*)siné
Area AOB = %x|( ) |><|( b) |
N
(az—bz)zsinecose .
= sincea>b
2ab
2 2\l o
(a®-b?) sinfcosd 2
= X —
2ab 2
2 k2\ A
~ (a -b ) 2singcosé
B 4ab
5 L2\2 . 2 Correct Solution
_ (a -b ) sin26 1 Finding x and y coordinates
4ab
(i) Find the maximum area of the triangle OAB and the coordinates of P
when this maximum occurs.
Solution Alternatively
dA (az—bz)2 (az—bz)zsinze . . _
— = C0s20x 2 isamaximum when sin20 =1
do 4ab

(a2 - b2)2 cos20

Finding turning pts

(a2 - b2)2 c0s20
2ab

2ab

-12 -

e:ﬁ, since O<9<£
4 2




(a2 - b2)2 c0s20
cos26

20

Testing for max.

d?A
de?

<0

So max when @ =

[
NN

NG

since a> b and 0<0<%

(a2 -b? )2 sin (2”) 3 Correct Solution
A= 4 2 Omitting 1 answer
4ab (a®- bz)2 cos20
1 Finding @ = b
2
_ (&-p7)
- 4ab
p= (i,ij
V22

-13-




Question 4. (15 marks) Use a SEPARATE writing booklet. Marks

(@  Giventhat a, B and y are the roots to the equation x* - x*+5x-3=0,
find the equation whose roots are o3, oty and Py

Solution

P(x)=x>-x"+5x-3

Q, Q, Q,
af.Byaf = ﬁ7’ ﬁ7’ By
y a B
= EEE since affy =3
y ap
3
Letx=— = a=—
a X

_U

—~
A —

I
7\
x| w
N—

w

I
7 N\
x| w
N—

N

+

Ul
7\
x| w
N—

I

w

1

o

3 Correct Solution

|
|
|
|
w
I
o
N

3
Substituting « =—
X

1 Finding affy =3

I
o

X2 —5x? +3x-9

(b) L et o be the complex root of the polynomial z’ =1 with the smallest possible argument.

Lt O0=a+a’+a’ and p=a’+a’+a’

(i) Explainwhy o’'=1and 1+a+a’+a’+a*+a’+a®=0
Solution

Let P(x)=2"-1=0 sincea isaroot P(a)=a’-1=0 = a' =1 by remainder theorem
Also P(X)=2'-1=(z-1)(Z+ 2+ '+ + 2" + z+1)

Againsince « isaroot
P(a):(a—l)(aG+a5+a4+a3+a2+a+1):0

2 Correct Solution
1 for one correct reason

Since a =1 (a6+a5+a4+a3+a2+a+1)=0

-14 -



(i) Showo+g=-1 and 0¢=2

Hence write a quadratic equation whose roots are 6 and ¢

Solution
O+¢ = a+a’+at + ad*+a’+ab
= a+a’+a’+at+a’+ab
= -1 using pt (i)
oo = (a+a2+a4) (a3+a5+a6)

= ' +al+a' v+l +a v+t v+l + ot
= a*+at+1+a’ +1+aa’ +1+a’a* +a'a®
= at+a +1+a’ +1+a+1+a’ + o

= at+a’+a’+a’+a’+a’+3

= 2 using 0+¢ =-1

A quadratic whoseroots are #,¢ easiest quadratic would be monic

9+¢ = __b 9¢ = E
a a
-1 = -b 2 =cC since a = 1 with monic polynomial

P(X)=x"+x+2=0
Correct Solution

Finding 2 correct answers
Finding 1 correct answer

PN W

-15-



(i) Showtha 6 = —1+£ ad g = —~_IN7
2" 2 2 2

Solution
Solving X* +x+2=0

—1+/1?-4.1.2

X =
2.1
_ —1+-7
2
_ —1++/7i
2
Determining whether 6 = —1+£ OR ¢ = —1+£
2 2 2 2
Method 1 We can examine
Im(a+a2+a4):sin27”+sin47ﬂ+sin87ﬂ [found by solving z" =1 using ci52k—”]
n

>0 from calculator

Method 2 we can consider addition of vectors o +a”+a*  [found by solving z' =1 using ci sZKTﬂ]

L~

Since a +a” + a* has apositive argument

2 Correct Solution

1 for finding x = 1247
1 i i 2

e - __+£ and ¢ = _l_g
2 2 2 2

-16-



(iv)  Write a. in modulus argument form and show

47 2r s 1 . 4 . )
COS— + COS— — COS— = —— and sin—+sn—-sn—=—
7 7 7 2 7 7 7 2

Solution
2r . . 2«m
a = COS—+199N—
7 7
2 _ 4r . . A4r
a = COS—+I1SN—
7 7
4 _ 8 . . 8«
a = COS—+I1SN—
7 7
0 = a+a’+a’
2r . . 2«7 47z . . 4rx 8 .. 8x
= cOS—+199N—+CO0S—+ 1S9 N— +COS——+ 1S N—
7 7 7 7 7 7
2 47 T .2t .. A .. T«
= COS—+CO0S———C0S— + ISN—+1SSN——1SIN—
7 7 7
Equating real & imaginary parts (using pt iii)
i 27 Vs 1 .4 . 27 . T 7
COS—— + C0S—— — COS— = —— sin—+sin—-sin—=—
7 7 7 2 7 2
2 Correct Solution
1 for finding &

-17 -



(c)  Thepolynomia P(z) isdefined by P(z)=z"-22°- 27" +2z+10.
Solution

Giventhat z—2+i isafactor of P(z), express P(z) asaproduct of real quadratic factors.

Factors are written in theform (z-z,)

So  z-2+i = [z-(2-1)]

Since complex roots in a polynomial with real co-efficients occur in complex conjugates another factor is
= [z-(2+1)]

Forming a quadratic factor

[z-(2-1)][z-(2+1)] = [z-2+i][z-2-i]
= 7*-4z+5
Finding another factor
7" +2z+2

Z-4z+ 5>z4 —222—-7*+2z+10

So product of rea quadratic factors

P(z)=(2"+22+2)(2* - 4z+5)

3 Correct Solution
2 for showing long division but with error
1 For finding 2> —4z+5

-18-



Question 5. (15 marks) Use a SEPARATE writing booklet. Marks

(@  Consider thecurvegivenby 5y—xy=x*—x-2

() Show that the curve has stationary points at 5+ 3v2

Solution

SQ—xﬂ—y: 2x-1

dx X
dy

5-x)—= = 2x+y-1

( )dx Ty
dy _ 2x+y-1
dx 5-x

Stationary pts at d—: 0
dx

2x+y-1 - 0
5-X
2x+y-1 =0
y = 1-2x
Solving for x

5(1-2x) - x(1-2x) (1-2x)" —(1-2x)-2

5-11x+2x* = XP—X—2
X2 —10x+7 = 0
« _ 10++/10°-4.1.7
21
= 5+ 3V2 2 Correct Solution
1 for finding ﬂ = M’
dx 5-x

-19-



(i) Explain why the curve approachesthat of y=—x—4 asx —> t o

Solution
5y —xy = x> —X—2
(5-x)y = x> —X—-2
y B x> —X—2
5-x
= —X—4+ 18
—X+5
Now lim—-x—-4+ 18 = —x-4
X—>+00 —X+5

2 2

(b)  For the hyperbola Xz—y? 1, find

(1) The eccentricity.

Solution
e = 2—z+1
_|B)

(i) The coordinates of the foci.

Solution
Foci  (+ae0)
_ (izé,oj
2
= (£3,0)

—X-4
—x+5ix2—x—2

2 Correct Solution
1 for working with partial error
1 Correct Solution

Correct Solution

-20-




(iii)

Solution

Directrices X=1

(iv)

Solution

(V)
Solution

[Pending]

(vi)

Solution

The equations of the directrices.

ol
=
I
-+
wl b

The equations of the asymptotes.

<
I
-+

o |oT
X

Sketch the hyperbolaindicating the foci, the directrices and the asymptotes.

Show that the point P(Zsec 0,~/5tan 9) lies on the hyperbola and prove that the

1 Correct Solution

1 Correct Solution

1 Correct Solution

tangent to the hyperbola at P has the equation

xsecd ytand

1

Sub P into egn. for hyperbola

LHS

(2s00)’ (VBteno)

4 5

4sec’ 0 ~ 5tan® @
4 5

= sec’ O —tan? 0
= tan’0+1—tan’ o
= 1

= RHS

5

-21-




xsecd ytanéd _

5 !

Showing the tangent is

ﬂ:5x

dx 4y

AtP & 5%l

dx 2./5tan 6

Equation of aline

S5sech
—J5tang = ———(X—2secd
Y 2J§tan9( )
2./5tan @y -10tan’ 0 = x5secd —10sec? 0
25tan 9y —10tan? 9 = x5secd —10tan? 0 —10
5secOx—24/5tandy = 10
xsecd y5tand  _ 1
2 5
2 Correct Solution
xsec  ytand 5 1 1 for showing pt lies on the hyperbola
_ = 1 S —=—
2 J5 5 5

(vii)  If thetangent at P cuts the asymptotes at L and M, prove that LP = PM and
the area of triangle OLM is independent of the position of P.
Solution
Proving LP=PM

Finding co-ordinates of L & M

Sub asymptote y = i% X into the egn for the tangent

-22.



ﬁx tan@
xsecd 2 _ L
2 J5
xsec@_xtane _ 1
2 2
(secd—tan ) x = 2
x = 2
(secd—tano)
and y = L
(secd—tano)
L 2 \/g
(secO—tand) ' (secd—tan o)

—ﬁx tan@
xsecd 2 _ L
2 J5
xsecfd xtand
+ = 1
2 2
(secd+tand)x = 2
2
X =
(secd+tand)
y = —J5
(secd+tan6)

M[(seceitane)’(%ce_fana)]

Note finding the distance LP & LM was too troublesome (part marks may be awarded for those who tried)

Better to show P isthe midpoint of LM

2 N 2
< (secd—tanf) (secHd+tanod)
2
1 1

(secd—tano) " (secd+tano)

2secl
sec’ O —tan’ 0

2secd
tan’ 0 +1—tan’ o

= 2secd

N
(secd—tanf) (secHd+tanod)
2

2

© 2 )

(secO—tand) (sechd+tand)

ﬁ( 2tan @ )

2 \sec’d—tan’ 6

J5tané
tan’ 0 +1—tan’ o

= «/gtana



Proving OLM isindependent of P

5 —5
ey =y
A
¢:¢1_¢2 .
V5 5
tan(¢1_¢2) = 2 2
1+\/2§.[—\/2§J < 4 >
N
=45 = a>Z
M
' AY
9 . Jg
45 V=g
@ sinoc:il\—/5
1 9
2 2 2
oL ( 2 _j 5 oM :(#_oyi_o
secd —tand secd —tand secd —tand secd —tand
_ 9 _ 9
(sec—tan0)’ (secd—tan0)’
_ 3 3
secd —tanéd secd —tand
1 .
A = E.OL.OM.sma
4 Correct Solution
= 1 3 ) 3 _sm4\/§ 3 Finding Sina or OL & OM
2 secd—tanf@ secHd—tand 9 2 Finding the midpoint
1 Finding the co-ordinates of L & M
= 2\/5

Which is a constant term and therefore independent of P
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Question 6.

@ The plan of a steeple is bounded by the curve y = 1

X

Each horizontal cross-section is a square.

(15 marks) Use a SEPARATE writing booklet.

and thelinesy =4and y= 1.

Find the volume of the steeple.

Solution

oV

= (2x)(2x)3y

= 4x25y

= 3 units®

Marks

Correct Solution
One arithmetic error with correct procedure

Finding oV = 4.%.§y
y

For finding area of a slice
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(b) Thecircle x* + y* = 9 isrotated about the line x = 6 to form aring.

() When the circle is rotated, the line segment Sat height y sweeps out an annulus.
Find the area of the Annulus.

Solution

A = ﬂ(Rz—rz)

= x([6+x]-[6-xT)

= x(l6+x]-[o-x))([6+x]+[6- )

2 Correct Solution
1 for showing pt lies on the hyperbola
= 247X
(i) Hence find the volume of the ring
Solution
oV = 247rX0y
3
— ; \2
Vo= Im32en(Je-)oy .
- 3 Correct Solution

= 247;? \/ﬁ dy 2 Showing V = 247;}3@ dy
-3

1 Finding oV = 24z X0y

= 108z%  units’
3
Note I«/Q—y2 dy isequal tothe area of asemi-circleradius 3
-3
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(c) The region under the curve y = e and above the x-axis is rotated about they axisfor —-a<x<a toforma
solid as shown below.

y

(1) Divide the resulting solid into cylindrical shells S of radius t as shown in the
diagram and show each shell S has an approximate volume given by

SV = 2xte St, where Stis the thickness of the shell.

Solution
oV = 2zrh ot

= 2z(y)(e”) ot

2 Correct Solution
1 For partial answer

= SV =2rntet 5t
(i) Hence calcul ate the volume of the solid.
Solution

. a t2
\% = lim ZO: 2nte’t St
a 2
= 7[J- 2te’™” dt
0
a 2
= —ﬂj ~2te’™™ dt
0
_t2 a
= /s [e } 2 Correct Solution
0 1 For some attempt to integrate
= Vs (1— e )
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(iii)  What isthe limiting value of the volume of the solidas a — «© ?

Solution

a2

-0 2 Correct Solution
1 For some attempt to integrate

Asa— o, €

So Iimﬂ(l—e’az)zﬂ

a—o

Question 7. (15 marks) Use a SEPARATE writing booklet.

(@ Let In:i (1-x*)"dx .

(1) Show by using integration by parts In:%In—l for n=0,123,...
+

Solution
1 1
=] (1=x*)"dx = [1.@-)nax
0 0
nt 1
= [x(l—xz) } - _[x(n)(l—xz)”’l(—Zx)d :
0 0
1
= 0 - 2n_[—x2(1—x2)“‘1 dx
0
1
= —2n_[ (1-%* ~1) (@-x*)"* dx
0
1 n-1
= —2n_[(1— xz)(l—xz)”’l—l(l— x2) dx
0
1 n 1
= —2n_[ (1-x°) + 2nJ'(1—x2)“’l dx
0 0
I, = -2nl, + 2nl 3 Correct Solution
1 n 1
T 2 2\l
onl 41 _ onl . 2 For finding 2n'([(1 X ) + 2n'([(1 X)) dx
1
N 1 For finding O — 2nJ‘—X2(1—X2)”‘1 dx
In = —ln—l 0
2n+1
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1
(i)  Henceevaluate |[(1-x*)'dx
0

Solution
| _ 2n
" 2n+1 "
8
I = —1
4 9 3
8[ 6
= —| =1 )
917
_ 8[6] 4 |
9/71l5? 3 Correct Solution
T 2 For using recurrence without evaluating last integral
- 1 For some evidence of correct procedure
_ 86| 4] 2 |
9/7][5]|3°

1
= 128 aslozj'ldx:1
315 2

(b A special dish is designed by rotating the region bounded by the curve y=2cosx (0<x <2n)
and the liney = 2 through 360° about the y axis.

1) Usethe method of cylindrical shellsto show that the volume of the dish is given by
2z
47 I X(1-cosx)dx.

0
Solution

Each cylindrical shell has height h=2-y and radius x.

oV = 2xrhox
oV = 27rx(2— y)5x

oV = 2;rx(2— 2cosx)5x

Volumeof dish = lim z 271'X(2 _ 2c0s x) Sx 3 Correct Solution
w0 2 For showing lim Y 2zx(2- 2cosx) 5%
_ 47[‘[X(1—COSX) dx 1 For showing sV = 2zx(2-y) &x
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i) Hencefind the volume.
Solution

V = 47z_|.x(1—cosx) dx

0

V = 47z]:xdx—47z]:xcosxdx

0 0

XZ 2z B o
V =4r —:l —47r{[xsinx]o —J.sinxdx
L2, ;
o .
V =4r ——xsinx—oosx:l
_2 0
e
V =4z i—0—1—(0—0—1)}
| 2

V =8z units’

|

Correct Solution

. X
For showing 4z [—— xsin x — cosx:|
2 o

For showing 4;{)(—} —47:{[xsin x| —jsin xdx}
2 2

() Thepolynomial P(x) isgivenby P(x)=2x>-9x*+12x—k, wherek isreal.

Find the range of values for k for which P(x)=0has 3 real roots.

Solution

P(x)=2x*-9x*+12x—k will have 3 real roots when P(x) has turning points on either side of the x axis.

Finding turning points:

P'(x) = 6x* —18x+12

X*-3x+2 =0
(x=2)(x+1) = 0

x =2 -1

y = 4-k, 5-k

If turning points are on opposite sides vy,y, <0
(4-K)(5-k)<0

4<k<5

Correct Solution
For finding the turning points and Y,Yy, <0
For finding the turning points
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Question

8. (15 marks) Use a SEPARATE writing booklet.

@ Use integration by partsto find Ién‘lx dx .

Marks

2

1

Correct Solution
1

J1-x?

For finding one part of the IBP e.g. XSi n*x

For finding Xsin™ X—j X.

1

as x(1-x%)?2 :J.—f’(x) f(x)

Solution
jgn’lx dx = xsn’lx—jx.
1-x°
= xsin‘lx—J.x(l—xz)_5
= xsin'x++1-x* + C
(b) () Use De Moivre' s Theorem to show that cos46 = 8cos® 6 —8cos’ 6 +1
Solution

Let Z=Cos@+ising

z :(coséhtisine)4

cos* @+ 4cos’ i sinf +6¢c0s? Hi’sin? @ + 4coshi*sin*6+i*sin* @

cos* @+ 4cos® i sinf —6¢c0s’ Osin? @ —4cosbisin® @ +sin* @

cos*0—6¢c0s°Asin’f+sin*d + 4cos’dising—4coshisin®o

Also by De Moivre' s theorem

z“:(coséhtisine)4

cos46 +isin46

Equating real parts

cos4d =

cos*@—6cos’ fsin’0+sin* @

1

Correct Solution
For finding cos4d =cos’ @ —6cos”dsin®#+sin* 0
For finding z* = cos46 +isin40

cos’ 6 — 6¢0s? 9(1— cos? 49) + (si n? H)(si n? 6?)

cos® 0 —6¢0s? 0+ 6cos’ 9 + (1— cos? 9) (1— cos? 49)

8cos*#—-8cos? 9 +1
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(iv)  Show that the equation 16x* —16x* +1=0 hasroots

4 Vs 57
X =C0S—, X, = —C0S-—, X, =C0S—, X, =—COS—

5r

12 12 12 12

Solution

16x* -16x*+1=0

Let X = C0os@
16c0s’ #-16cos*0+1=0
2(8cos* 01608’ 0+1)~1=0 3 Correct Soltion
L 7w Sr TIr
2 For finding 8 =—,—,—,...
20840 10 12'12'12
cosar—1= 1 For finding 2(8cos' 016080 +1)~1=0
(:os4¢9=1
2
4% % 1T
3 3 3
gL 57 17
12’1212 "
Now X=cosé
T 5r 5r 117 Vi
X=C0S—, X=C0S—, X = COS— = — C0S—, X = COS—— = —COS—
1 12 12 12 12
(iti)  Hence show that cos- = “2;\/:_3
Solution
Solving 16x* —16x* +1=0 by using quadratics
Let m=x? 16m? -16m>+1=0

m

| 16+,)(~16)° -4.16.1

2.16
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m:16i8\/§
32

m:2J_r\/§

o
&

\/2;\/§>\/2_\@ and cosi>coss—ﬂ

2 12 12

Since

(c) P(x) isapolynomial of degree n with rational coefficients.

If the leading coefficient isa, and oy, a,,a;,...,a, aretherootsof P(x)=0 provethat:

o PO, POO POO | P()

X—o, X—a, X—o, X-a,

Solution
P(X)=a,(x—a)(Xx—a,)(Xx—a3)...(x—a,)
log, P(x)=log, &, (x—a;)(x—a,)(x—ay)..(X—«,)

log, P(x)=log, a,+l0g, (Xx—a;)+log, (x—a,)+log, (x—a;)+...+l0g, 8, (x—,)

P'(x) —0+ 1 N 1 N 1 - 1 4 Correct Solution
N 3 For findi
P(X) — (x-a) (x-a) (x=a5) " (x-a) |3 Eorfinding?
1 For finding
P(x) = P(x) s P(x) . P(x) . P(x) P(X)=a,(x-a,)(Xx-a,)(X-a)...(x~a,)
X—0o X—a, X—o, X-—a,
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